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1. Introduction
Let E be an elliptic curve over Q which has multiplicative reduction at some prime p, and F a real
quadratic extension of Q, satisfying suitable hypotheses. In this paper, we study the algebraic part of
certain twisted L-values for the base change E/F . The Birch and Swinnerton–Dyer conjecture predicts
that these twisted L-values are squares of rational numbers.
This question grew out of the work [11] which gives a partial generalization of the main result of
Bertolini and Darmon [1]. In particular, it is proved in [1] that the assertion holds if a non-vanishing
hypothesis on L-values is satisﬁed and E has multiplicative reduction at some prime other than p.
For a statement see Proposition 2.4 below.
The real interest for the present work concerns the case when this extra hypothesis on the con-
ductor is not satisﬁed, cf. Section 6 of [11]. We show that this question is related to the ratio of
Petersson inner products of a quaternionic form on a deﬁnite quaternion algebra over Q and its base
change to F .
Notation 1.1. For any number ﬁeld we denote by DL the absolute discriminant of L over Q. If L/F is
an extension, then denote by DL/F the relative discriminant ideal of L/F .
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If ψ is a Hecke character of L of ﬁnite order, then we denote by cψ the conductor of ψ . If L = Q,
so that ψ is a Dirichlet character, then we will write this as cψ , viewed as a positive integer.
2. Basic formalism
As in the introduction, let E/Q be an elliptic curve which has multiplicative reduction at a prime p.
Thus, writing N as the conductor of E/Q, we have N = pM , with pM . Denote by ΩE/Q the real period
of E(C), computed using the Neron differential associated to a minimal model of E/Q.
Let F/Q be a real quadratic extension. We assume throughout the paper that F satisﬁes the fol-
lowing modiﬁcation of the usual Heegner hypothesis:
All primes dividing M split in F , while p is inert in F .
Denote by ψ the quadratic Dirichlet character that corresponds to the extension F/Q. Then
ψ(−1) = 1 and ψ() = 1 for all |M , and ψ(p) = −1 since p is inert in F . Denote by p = pOF
the prime of F above p.
We consider the base change E/F . Since E/Q is modular by [15,14,3], the same is true for E/F by
the theory of base change. Put ΩE/F := (ΩE/Q)2. We also have the identity:
L(s, E/F ) = L(s, E/Q) · L(s, E/Q,ψ). (2.1)
Let δ =⊗ν δν be the trivial or a quadratic Hecke character of F , unramiﬁed at the primes of F
dividing N , and satisfying the following conditions:
(1) sig(δ) := (δν(−1))ν|∞ = (1,1).
(2) δ(p) = −1.
(3) δ(l) = 1 for any prime l of F dividing M .
Let E˜/F be the twist of E/F by δ. The conductor of E˜/F is given by






We have the identity of complex L-functions:
L(s, E˜/F ) = L(s, E/F , δ). (2.2)
Deﬁnition 2.1. The algebraic part Lalg(1, E˜/F ) of the L-value L(1, E˜/F ) is deﬁned as:
Lalg(1, E˜/F ) := D
1/2




F (NF/Q cδ)1/2L(1, E/F , δ)
(ΩE/Q)2
. (2.3)
Proposition 2.2. If the rank 0 case of the Birch and Swinnerton–Dyer conjecture is true for E˜/F , then the value
1
2 L
alg(1, E˜/F ) is the square of a rational number.
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zero, then there is nothing to prove. Otherwise, the rank 0 case of the Birch and Swinnerton–Dyer
conjecture [12] says that
Lalg(1, E˜/F ) =
∏
l cl(˜E/F )#III(˜E/F )
(#E˜(F )tors)2
, (2.4)
where the product that occurs in (2.4) is the product over all primes of F dividing the conductor
of E˜/F , of the local Tamagawa numbers of E˜/F , and #III(˜E/F ) is the order of the Shafarevich–Tate
group of E˜/F , which is a square under the conjecture of Birch and Swinnerton–Dyer. Hence it suf-
ﬁces to deal with the product of the local Tamagawa numbers. See Section 6 of [13] for their basic
properties.
Each rational prime |M splits in F , and hence we can write
OF = l l′,
with l and l′ degree one primes of F . Hence
cl(E/F ) = cl′(E/F ) = c(E/Q). (2.5)
On the other hand, since δ(l) = δ(l′) = 1, we have
cl(˜E/F ) = cl(E/F ),










On the other hand E/F is split-multiplicative at the prime p, because E/Q is in any case mul-
tiplicative, and the completion Fp is an unramiﬁed quadratic extension of Qp . Since δ(p) = −1, it
follows that E˜/F is non-split multiplicative at p. It follows that cp(˜E/F ) is equal to two.
Finally we deal with the case when l divides cδ (so in particular l is prime to 6). It is well known
that in this case cl(˜E/F ) = 4 (hence a square), but for the convenience of the reader we include a
proof. Working locally with the completion Fl , suppose that a minimal Weierstrass equation for E/Fl
is given by:
y2 = x3 + ax+ b
with a,b ∈OFl , whose discriminant  is an unit of OFl , because E/F has good reduction at such l
as cδ is relatively prime to N . Writing Fl(
√
d) as the quadratic extension of Fl corresponding to the
local component of δ at l, with d ∈OFl of valuation one at l, then a minimal Weierstrass equation for
E˜/Fl can be given by: (
y′
)2 = (x′)3 + ad2x′ + bd3
whose discriminant ′ satisﬁes
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From this we conclude that the valuation at l of the minimal discriminant of E˜/Fl is 6. From the
table in Section 6 of [13], we conclude that E˜/F has additive reduction of type I∗0 at such l, and that
cl (˜E/F ) = 4. 
Remark 2.3. From Eq. (2.3), we see that the conclusion of Proposition 2.2 is valid when we replace
ΩE/Q by any quantity which is a non-zero rational multiple of it. In particular, we can use the real
period associated to any (non-zero) global differential for E over Q (i.e. not necessarily associated to
a minimal model).
To conclude this section, we re-state a result from [11] that establishes the conclusion of Proposi-
tion 2.2, independent of the Birch and Swinnerton–Dyer conjecture.
Proposition 2.4. (See [11, Remark 6.6].) Assume in addition that E/Q is split multiplicative at p, and that E
has multiplicative reduction at some prime other than p. Suppose further that
L′(1, E/Q) = 0, L(1, E/Q,ψ) = 0. (2.8)
Then for δ as above, the quantity 12 L
alg(1, E/F , δ) is the square of a rational number.
3. A conjecture
It is of interest to establish the statement of Proposition 2.4, without assuming that E has mul-
tiplicative reduction at some prime other than p. Indeed, from the results of Section 6 of [11], this
is related to extending the results of Bertolini and Darmon [2] on rationality of Stark–Heegner points
over genus ﬁelds.
In this section, we study this question using the works of Gross and Zagier [6] and Gross [5] and
Zhang [16,17]. We show that this is related to the ratio of the Petersson inner products of quaternionic
form on a deﬁnite quaternion algebra over Q, and its base change to F .
As in the previous section E/Q has multiplicative (not necessarily split) reduction at p. In addition
we assume that L′(1, E/Q) = 0 and L(1, E/Q,ψ) = 0. Let f E be the weight two eigenform of conductor
N corresponding to E/Q. Then E/F is modular, corresponding to the parallel weight two Hilbert
eigenform fE of conductor NOF , the base change of f E from Q to F .












The ﬁeld extensions are determined by the corresponding quadratic characters as follows. For in-
stance ψ1 is a quadratic Dirichlet character, of conductor relatively prime to N and to that of ψ , that
satisﬁes
ψ1(−1) = −1, ψ1(p) = 1, ψ1() = 1 for all |M, (3.1)
L(1, E/Q,ψ1) = 0. (3.2)
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L(s, E/Q) is −1. As in the situation of Eq. (5.7) of [11], one sees that for any quadratic character
satisfying (3.1), the sign E/Q(ψ1) of the functional equation for L(s, E/Q,ψ1) is +1, and hence the
existence of a ψ1 satisfying both (3.1) and (3.2) follows from the main theorem of Friedberg and
Hoffstein [4]. With ψ1 chosen, then L is the imaginary quadratic extension of Q deﬁned by the char-
acter ψ1, and L˜ is the imaginary quadratic extension of Q deﬁned by the character ψψ1. The pair
ψ,ψ1 deﬁnes a genus character ψL˜ of L˜ as in Section 3.1 of [11].
Note that by (2.1) and (3.2), the order of vanishing of L(s, E/F ) at s = 1 is again 1, and hence the
sign E/F of the functional equation for L(s, E/F ) is again −1.
One similarly picks δ1 to be a quadratic Hecke character of F , of conductor relatively prime to N
and to that of δ, that satisﬁes
sig(δ1) = (−1,−1), δ1(p) = −1, δ1(l) = 1 for all l dividing M, (3.3)
L(1, E/F , δ1) = 0. (3.4)
Any such δ1 satisfying (3.3), the sign of the functional equation E/F (δ1) for L(s, E/F , δ) is −1 (again
by Eq. (5.7) of [11]), and [4] gives a character δ1 satisfying both (3.3) and (3.4). With δ1 chosen K is
the CM extension of F deﬁned by the Hecke character δ1, and K˜ is the CM extension of F deﬁned
by δδ1. The pair (δ, δ1) deﬁnes a genus character δK˜ of K˜ .
With respect to the above choices of characters and the ﬁeld extensions, we have:
L(1, E/K˜ , δK˜ ) = L(1, E/F , δ) · L(1, E/F , δ1), (3.5)
L′(1, E/K ) = L′(1, E/F ) · L(1, E/F , δ1), (3.6)
L′(1, E/F ) = L′(1, E/Q) · L(1, E/Q,ψ), (3.7)
L′(1, E/L) = L′(1, E/Q) · L(1, E/Q,ψ1), (3.8)
L(1, E /˜L,ψL˜) = L(1, E/Q,ψ) · L(1, E/Q,ψ1). (3.9)
From (3.5), (3.6), we have:




On the other hand, combining (3.7)–(3.9), we have




Hence combining (3.10) and (3.11):
L(1, E/F , δ) = L(1, E/K˜ , δK˜ )L
′(1, E/L)L(1, E/Q,ψ)2
L′(1, E/K )L(1, E /˜L,ψL˜)
. (3.12)
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DF L(1, E/F , δ)
(ΩE/Q)2
= L(1, E/K˜ , δK˜ )L
′(1, E/L)






We now deal with the right-hand side of (3.14). The result of [16], generalizing the formula of Gross
and Zagier [6], gives
L′(1, E/L) = 2
D1/2L
〈 f E , f E 〉ht(P ). (3.15)
On the other hand, the work of Zhang [16], generalizing [6], gives
L′(1, E/K ) = 2
(NF/Q DK/F )1/2
〈fE , fE 〉ht(P). (3.16)
Here 〈 f E , f E 〉 and 〈fE , fE 〉 are the Petersson inner products of f E and fE respectively, normalized as
in Deﬁnition 3.5 of [11]. Here P ∈ E(L) ⊗ Q, P ∈ E(K ) ⊗ Q, while ht(P ) and ht(P) are the Neron–
Tate heights of P and P respectively. Since the values L′(1, E/L), L′(1, E/K ) are non-zero, the points
P , P are non-torsion.
Now since L(1, E/Q,ψ1) = 0, the theorem of Kolyvagin [8] gives
P ∈ E(Q) ⊗Q and dimQ E(Q) ⊗Q = 1.
Similarly, since L(1, E/F , δ1) = 0, the result of [9] gives
P ∈ E(F ) ⊗Q and dimQ E(F ) ⊗Q = 1.
In particular, the image of P and P in E(F ) ⊗ Q differs by a non-zero rational multiple. Since the
Neron–Tate height is a quadratic form, we have








〈 f E , f E〉





On the other hand, let B be the deﬁnite quaternion algebra over Q, with p the only ﬁnite prime
of ramiﬁcation. By the Jacquet–Langlands’ correspondence, f E corresponds to a weight 2 eigenform
φE on B× . Note that since f E is multiplicative at p, the local component at p of the automorphic
representation on B× generated by φE is an unramiﬁed quadratic character. We normalize φE so that
φE takes values in Q. (This is possible because the Fourier coeﬃcients of f E lie in Z.) Next, con-
sider the algebra B ⊗ F , which is a deﬁnite quaternion algebra over F , unramiﬁed at all the ﬁnite
primes of F , so in particular B ⊗ F splits at p. Again fE corresponds by Jacquet–Langlands’ corre-
spondence to a form ΦE on (B ⊗ F )× , which in fact comes from base change of φE from Q to F .
Again we normalize ΦE so that it takes values in Q. The local component at p of the automorphic
representation on (B ⊗ F )× generated by ΦE is an unramiﬁed quadratic twist of the special represen-
tation.
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of [11]):




〈 f E , f E〉





L(1, E/K˜ , δK˜ ) =
1
(NF/Q DK˜/F )1/2
〈fE , fE 〉





Here 〈φE , φE 〉 and 〈ΦE ,ΦE 〉 are the Petersson inner products of φE and ΦE , deﬁned as in Section 3
of [7] (since φE and ΦE take values in Q, the Petersson inner products 〈φE , φE 〉 and 〈ΦE ,ΦE 〉 are
rational numbers).
We have the following conductor-discriminant formula (cf. Appendix of [11]):
DF = cψ, DL = cψ1 , DL˜ = cψcψ1 ,
NF/Q DK/F =NF/Q cδ1 , NF/Q DK˜/F =NF/Q cδNF/Q cδ1 . (3.20)
Combining (3.14) and (3.17)–(3.20), we obtain
D1/2F L(1, E/F , δ)(NF/Q cδ)1/2
(ΩE/Q)2





Thus to prove that the value 12 L
alg(1, E/F , δ) is the square of a rational number, we are led to





We formulate this as a conjecture:
Conjecture 3.1. Let B be a deﬁnite quaternion algebra over Q, ramiﬁed only at p, φ a weight two eigenform
on B× . Assume that the Hecke eigenvalues of φ are all integers. Let M be the conductor of the automorphic
representation on B× generated by φ . Assume that p does not divide M, and that the local component at p of
the automorphic representation generated by φ is an unramiﬁed quadratic character.
Let F be a real quadratic extension of Q, such that p is inert in F , and all primes dividing M splits in F . Let
Φ be the base change of φ from Q to F . We normalize φ and Φ so that they take values in Q. Then
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